Ground states of local Hamiltonians are known to obey the entanglement entropy area law. While area law violation of a mild kind (logarithmic) is commonly encountered, strong area-law violation (more than logarithmic) is rare. In this paper, we study the long range quantum spin glass in one dimension whose couplings are disordered and fall off with distance as a power-law. We show that this system exhibits more than logarithmic area law violation in its ground state. Strikingly this feature is found to be true even in the short range regime in sharp contrast to the spinless long range disordered fermionic model. This necessitates the study of large systems for the quantum XY spin glass model which is challenging since these numerical methods depend on the validity of the area law. This situation lends itself naturally for the exploration of a quantum simulation approach. We present a proof-of-principle implementation of this non-trivially interacting spin model using trapped ions and provide a detailed study of experimentally realistic parameters. arXiv:1812.08938v2 [cond-mat.dis-nn] 
Entanglement in quantum systems has recently become one of the most studied subjects in physics [1] [2] [3] . The scaling of entanglement entropy with the spatial size of the subsystem has proven to be a useful diagnostic to characterize different phases across quantum phase transitions [4, 5] . Many-particle ground state wavefunctions of local Hamiltonians adhere to the 'area-law' of entanglement [4] [5] [6] [7] , according to which, in a subsystem of volume L d in a d-dimensional system, entanglement entropy scales as S A ∝ L d−1 , since only the degrees of freedom near the boundary of the two subsystems contribute to the entanglement entropy ( Fig. 1) .
The well-known logarithmic violation of the area law (S A ∝ L d−1 log L) has been reported in a variety of translationally invariant models ranging from gapless systems (e.g. quantum critical point) [8] [9] [10] [11] , free fermionic (hopping) models [12] [13] [14] [15] , bosonic systems [16, 17] and interacting spin chains [18] [19] [20] [21] [22] [23] [24] [25] . However, ground states showing stronger-than-logarithmic violations of the area law (S A ∝ L β ), particularly in systems that preserve translational symmetry are rare [15, 26] . In some models such as power law random hopping models of fermions [27, 28] and inhomogeneous XX spin chains [29] , the presence of disorder in the couplings have been shown to give rise to strong area-law violations (more than log L-kind). There are also exotic special constructions like the Motzkin spin chain [30, 31] where the Hamiltonian is engineered so as to make a predesigned area-law-violating state as its ground state.
In this Letter, we study the one dimensional longrange quantum XY spin glass which contains disorder in its couplings. Using exact diagonalization, we calculate the von Neumann entanglement entropy (VNEE) for its ground state and demonstrate strong area-law violation for 14 spins. Typically, one exactly solves the 1D spin chain with nearest-neighbor spin interactions by mapping it into the free fermionic chain via the Jordan-FIG. 1. Depicts the violation of area-law of entanglement between two subsystems A (filled red circle) and B (empty blue circle) for any one dimensional quantum system. Area-law of entanglement is usually valid when quantum correlations between A and B (represented by colored shade) exist only at the boundary and exponentially vanish beyond it. However when these correlations sustain even beyond the boundary between A and B, then one obtains violation of the arealaw. In this work, we find that for disordered long range spin couplings, represented by the dark(light) green arrows corresponding to randomly assigned positive (negative) values, one obtains strong power-law violation of area-law of entanglement.
Wigner transformation. This mapping is not valid anymore for spin chains with (disordered) long range interactions like in our quantum XY spin glass Hamiltonian. Nevertheless we compare the VNEE of our model with the spinless fermionic model with disorder which is known to reliably exhibit strong area-law violation for large systems [27, 28] . We find that the VNEE of quantum XY spin glass is more sensitive to the sign of the coupling than the spinless fermionic model. Also interestingly, we find strong area law violation even for shortrange interactions for the quantum XY spin glass system in sharp contrast to the spinless fermionic model with disorder. However a more thorough characterisation of the ground state via the entanglement entropy requires the study of large systems which are computationally intractable. Furthermore, the study of such systems with numerical schemes such as density matrix renormalisation group (DMRG) [32, 33] , time evolving block decimation (TEBD) [34] and other matrix product states based techniques is not feasible as they crucially depend on the area law. This leads to the motivation for simulating such systems in ultra-cold setups.
Quantum spin models are regularly realized in ultracold systems using Rydberg atoms [35] [36] [37] [38] [39] [40] and polar molecules [41] [42] [43] . To model our disordered long range spin model, we consider a system of trapped ions. Our method is similar to earlier works where trapped ions were used to simulate spin models with long range interactions without disorder [44] [45] [46] [47] [48] [49] [50] [51] . The advantage of using ions is that they are cooled and trapped very efficiently. This allows us to manipulate the collective vibrational modes along with the internal states with great precision which is key to fine tuning the spin-spin couplings. Thus, in the final section of this Letter, we investigate the possibility of realizing the quantum XY spin glass in real ion trap experiments.
The VNEE between subsystem A and the rest of the system B is defined as
where ρ A is the reduced density matrix of the subsystem A. VNEE can also be described as the first order Renyi entanglement entropy [1, 2, 4] . In this context, second-order Renyi entropy has been measured recently in experiments based on ultracold atoms [51, 52] . The long-range quantum XY spin glass in 1D [53] [54] [55] for N spins is given by
where J ij = J/r α ij .
Here σ + i and σ − i are the spin raising and lowering operators respectively, acting on the i th spin. The coupling between i th and j th spins is given by J ij where J is chosen from a uniform distribution of random numbers [−V, V ] and V is an arbitrary positive constant. This implies that between any two spins, there can either be an anti-ferromagnetic or ferromagnetic coupling, chosen randomly as the sign of J ij changes randomly. r ij = |i−j| is the distance between sites i and j in a chain and α is the long-range parameter. We assume open boundary conditions throughout this Letter.
In order to calculate the VNEE for Eq.(2), we first diagonalize the Hamiltonian exactly in the basis of states that correspond to equal number of spins in the up state as in the down state. We identify the many-body ground state |Ψ g as the eigenstate corresponding to the lowest eigenvalue of the Hamiltonian and express the full density matrix as ρ = |Ψ g Ψ g |. We partition our system of N spins into subsystem A of L spins and subsystem B of N − L spins. The eigenvalues of the reduced density matrix ρ A = T r B [ρ] are obtained and denoted as ζ k (supplementary section for details). Using Eq. 1, the VNEE is then given by
Our exact numerical calculations for a system size of N = 14 reveals power-law violation of area-law, which is depicted in Fig. 2 (a) as a function of the parameter α. The power-law exponents can be extracted by curve fitting, which is shown in Fig. 2(b) . But on the hand, we are able to calculate the VNEE for a very large system for the spinless fermionic model which is given as
Here c † i (c i ) is the fermionic creation (annihilation) operator at site i. J ij is defined similarly as in Eq.(3). One Figure schematically shows the setup for realising the disordered long range spin model. An array of 171 Yb + ions are trapped linearly along the z axis in a Paul trap whose relevant hyper-fine states form the spin-1/2 system. A pair of Raman lasers (shown with red and blue arrows) is applied along the x axis with frequencies ωi=1,2 and wave vectors ki=1,2 that couples the two internal states (as well as motional states)(|↓, n , |↑, n ) via the excited state |e off-resonantly given by a detuning ∆ . Pair of lasers have a bichromatic beat frequency is simultaneously blue detuned (∆ b ) and red detuned (∆r) from the center-of-mass trapping frequency ωx and the transverse mode frequencies (not shown). Additionally, we add an asymmetric shift δ to the detunings to obtain the transverse field for the spin model which is needed to obtain the effective spin model given in Eq.(2) (refer to text).
can calculate VNEE for large systems for a noninteracting spinless fermionic model because the entanglement entropy is obtained from the eigenvalues of the correlation matrix C ij = c † i c j , where i, j ∈ A. This is numerically much easier to calculate as compared to the calculation of the exact reduced density matrix (for further details see [28, 56, 57] and supplementary section). The reason is that the ground state has a Slater determinant structure to which the Wick's theorem may be applied. Thus the two-point correlation is sufficient to obtain all the higher order correlations. The VNEE for the noninteracting fermionic system is
where λ k are the eigenvalues of C ij . This fermionic system shows a strong (power law type) area law violation of entanglement entropy as can be seen in Fig. 2(c) [28] . The dependences of the power law exponents β on the long-range parameter α is shown in Fig. 2(d) . The exponent β remains non-zero in the regime 0 < α ≤ 1 and then it slowly vanishes as the long-range parameter α increases. Interestingly, when compared to the exponent obtained for the quantum spin glass system, we find that it does not vanish even for large α. This means that there is an indication of strong area law violation even in short range interactions but to confirm this one would need to go to larger systems of the quantum spin glass system. Yet another point of distinction between the ground state of the spinless fermion model and the quantum spin glass is its dependence on sign of the coupling. All the results of the fermionic model remain unchanged even if the random coupling J is chosen randomly from the negative distribution [−1, 0] or the positive distribution [0, 1]. However in the spin model, for small values of α(< 0.5), disordered ferromagnetic (negative) couplings does not show strong violation, while the disordered anti-ferromagnetic (positive) random couplings does yield power-law violation of the area law, just like the spin glass. In order to get power law across all the values α shown in Fig.2(b) , we need both ferromagnetic as well as anti-ferromagnetic couplings. These observations suggest that the underlying frustration in these models has a crucial role in the strong area law violation. Next we implement the long range disordered Hamiltonian in Eq.(2) using trapped ions. There are plenty of proposals involving the quantum simulation of effective spin models using trapped ions [44] [45] [46] [47] [48] [49] [50] [51] and some include spin models with disordered potentials [58, 59] . However here we simulate a model with disorder in the spin couplings.
As shown in Fig. 3 , our setup consists of a one dimensional chain of 171 Yb + ions aligned along the zdirection in a standard linear Paul trap [60] . The effective spin-1/2 system constitutes of two hyperfine states, 2 S 1/2 |F = 0, m F = 0 and 2 S 1/2 |F = 1, m F = 0 with an energy splitting of ω hf = 12.64 GHz (we assume = 1). Using a pair of counter-propagating Raman lasers with wave vectors k i=1,2 and laser frequencies ω i=1,2 along the transverse x-axis, the two internal states are coupled via an intermediate excited state |e which in our case is the 2 P 1/2 |F = 0, m F = 0 state. The pair of lasers are far detuned (by ∆ ) from this excited state (see Fig. 3 ) where ∆ is in the order of few hundred GHz. We define relative wave vector as k L = k 1 − k 2 and the laser beat frequency as ω L = ω 2 − ω 1 . The combined effects of the ion-ion repulsion and the confining linear trap leads to the motional dynamics of the ions. The ions oscillate about their equilibrium positions giving rise to normal modes of oscillation which are classified as axial and transverse modes. Since the direction of propagation for our Raman lasers is along the x-axis, we couple to the transverse modes of motion along the x axis only. The Hamiltonian for motional dynamics isĤ m = m ν m a † m a m where ν m are the transverse mode frequencies andâ † m (a m ) are the motional mode operators. The Hamiltonian for the effective optical coupling of the internal states as well as the motional states in the interaction picture after applying the rotating wave approximation (RWA), isĤ = 1/2
where Ω i is the Rabi frequency for the ith ion; ∆ = ω L −ω hf is the detuning and φ is the relative phase. In the Lamb-Dicke regime
ν m is the Lamb-Dicke parameter and b i,m is the transverse normal mode transformation matrix for the ith ion in the mth mode [61] . Similar to previous proposals for generating spin models [44] [45] [46] [47] [48] [49] [50] [51] , we expand k L ·x i in terms of the motional operatorsâ † m (a m ) and choose our laser beat frequency to be simultaneously tuned close to the red and blue sidebands of the highest frequency normal mode of motion in the x-direction (see supplementary). We define ∆ b = ∆ + ω x and ∆ r = ∆ − ω x . If we were to symmetrically detune, ∆ s = ∆ b = −∆ r , then we would obtain the Ising model [44, 51] . As explained in detail in the supplementary, by adding a small asymmetry δ to the effective detuning ∆ s + δ and assuming (∆ s ± ν m ) δ and eliminating the motional modes (∆ s ±ν m ) |η im Ω i |, we get the following effective spin Hamiltonian
The spin coupling is given as
where z i is the equilibrium position of the ith ion. The beat note frequency ω L defined in ∆ s along with specific choices of trap frequencies control the nature of the spin interactions. To implement disordered spin interactions, one can have a spatially dependent random intensity profile which can be created using spatial light modulation methods [62] or speckled intensity techniques [63] . The other way is it choose a beat frequency that is close to one of the transverse normal mode frequency. We choose the latter where we tune our beat frequency slightly below and above ω x which gives the disordered anti-ferromagnetic couplings that we need for our model. Thus for our numerics, we consider the linear Paul trap to have an axial trap frequency ω z /(2π) = 1.0 MHz and transverse trapping frequencies, ω y /(2π) ω x /(2π) = 3.95 MHz. The Rabi frequency is kept constant at Ω i /2π = Ω j /2π = 50 kHz and the wave numbers are kept at k 1 = k 2 = 2π/369.75 nm −1 . To obtain different power laws in J ij as a function of distance, we scan the detuning ∆ s /2π = 3.5 − 4.5 MHz. Due to our small system size, the power law scaling is sensitive to the ion equilibrium positions. A pair of ions near the center of the chain are closer to each other as opposed to the edge with typical inter-ionic distances ranging from 1.4 µm to 2.0 µm for our chosen trap frequencies. Hence, the power law scaling in Fig. 4(a) is obtained after averaging over the couplings over different ions. The power law scaling over distance in Eq.(8) is usually an empirical approximation and our fittings are limited by finite size effects. To have large number of ions in the linear Paul trap causes unstable transverse motion and gives the unwanted zig-zag pattern [64] . To include larger number of ions requires to have lower values of = ω z /ω x which are determined by experimental constraints. The scenario involving a two dimensional Penning trap is more relaxed in this regard and good power law fits are obtained for hundreds of ions [50] but yet to be shown for disordered couplings. Fig. 4 (b)-(c) depict the disorder in the couplings for different values of α. Usually the spin models are generated by choosing the detuning far away from the bunch of mode frequencies to obtain spin couplings of the same sign. But by tuning close to the center of mass frequency along the x axis, we introduce disorder in a controlled manner. It is also possible to couple to the axial modes which typically have a lower frequency and are more widely separated compared to the transverse modes. For small systems, our calculations suggest no particular advantage in either case.
To summarize, we have studied the entanglement properties of the ground state of the long-range one dimensional quantum XY spin glass. We find that it exhibits a strong area-law violation, which in contrast with the disordered long-range fermionic hopping model, extends into the short-range regime. Such strong area-law violation spells doom for numerical techniques to be effective beyond extremely small system sizes. This motivates the implementation of a quantum simulation approach to ac-cess such models. We thus consider trapped ions to realize our spin Hamiltonian which can be generalized to larger systems in future experiments.
Supplemental Material for "Strong area-law violation in long range XY quantum spin glass realisable using trapped ions"
Methodology to calculate entanglement entropy for quantum spin glass
The spin glass Hamiltonian is given by
where N is the total number of spins with spin-1 2 . The Hamiltonian matrix is written in the σ z basis (|↑ and |↓ ) where total magnetization is zero i.e. number of up spins is equal to the number of down spins. H SG is exactly diagonalized in the basis and we obtain the normalized many-body ground state |Ψ g = l ψ l |l . The corresponding density matrix matrix is given by ρ = |Ψ g Ψ g |, which can be written as
We consider the first L (where L ≤ N/2) spins as the subsystem A and the rest N − L spins as the subsystem B. Each element in the basis then can be written as |l = |l A |l B , where |l A and |l B are the orthonormal sets in subsystem A and B respectively. The reduced density matrix defined as ρ A = T r B [ρ], can be written as
where ρ l A ,l A A is the (l A , l A ) th element of matrix ρ A . One then diagonalize the matrix ρ A exactly and the von Neumann
where ζ k 's are the eigenvalues of ρ A .
Methodology to calculate entanglement entropy for spinless fermionic model
The fermionic Hamiltonian is given by
whose diagonal form is
where b k = N j=1 ψ j (k)c j . The many-body fermionic ground state is
Due to the Slater determinant structure of |Ψ 0 , all higher correlations can be obtained by two point correlation C ij = c † i c j [56, 57, 65] . The density matrix of the full system is ρ = |Ψ 0 Ψ 0 | and the reduced density matrix of subsystem A is ρ A = T r B (ρ). By definition a one particle function, in this case two-point correlation in the subsystem, can be written as
where i, j ∈ A. The subsystem density matrix of an eigenstate of a quadratic fermionic Hamiltonian is thermal [56] 
where
H A ij c † i c j is called the entanglement Hamiltonian, and Z is obtained to satisfy the condition T r[ρ A ] = 1. The entanglement Hamiltonian can thus be written in the diagonal form as,
where a k = L j=1 φ j (k)c j . The reduced density matrix is then given by
Using Eq.19, we can write Eq.16 as,
This shows that the matrices C and H A share the eigenstate |φ k and their eigenvalues are related by
where λ k 's are eigenvalues of matrix C in the subsystem. The von Neumann entanglement entropy can be simplified [66] using Eq.19 and Eq.21 as
Effective spin model using time dependent perturbation theory
The spin-spin interactions are induced by the excitation lasers and trapping conditions. By tuning our beat frequency symmetrically to the red and blue sidebands simultaneously, we have ∆ s = ∆ b = −∆ r . Working in the Lamb-Dicke regime, we have the well known spin dependent Hamiltonian [47] [48] [49] [50] [51] 
In obtaining the above Hamiltonian we have chosen the relative phase of the pair lasers to be −π/2. As discussed in the text, we can make our detuning asymmetric by shifting the levels by δ, i.e. ∆ s + δ = −∆ r + δ = ∆ b + δ, which essentially implies that our ladder operators rotate in the following manner: σ ± → σ ± e ∓iδt and thus our Hamiltonian gets modified toĤ = i,m Ω i η im σ r i G m (t) (24) and the longitudinal field is
a † m a m + 1 2 (38) 
